
Stirlingoid approximations to three factorialoids, with exact figures of merit
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The traditional Stirling' s,
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is meritless.  The approximation is so poor that the Product of all the relative errors diverges.  But 
replacing  n  by n +⅙ ,
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A merit of 1.0 is perfect.  A is “Glaisher’s constant”,
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based on the derivative of ζ(s) = ζ(s,1) at s = -1.

Expanding the Productand at ∞ gives a more direct estimate of quality:
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(which is why the Product diverged.)
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Invoking a third order approximation,
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(Exercise:  why is this r.h.s. “obviously” real?)

Finally, here is a “Stirling’s” for Hyperfactorial(n) := 11×22×33…nn:
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